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Abstract
We model endogenous catastrophic risk in a new way we term inertia risk, which
accounts for delays between physical variables and the hazard rate—a characteristic
often observed in reality. The added realism significantly impacts optimal policies
relative to the standard model of catastrophic risk. The probability of a catastrophe
occurring at some point in time may span the entire interval [0, 1] and is not 0 or 1 as is
typical in standard models. Inertia risk may also generate path dependencies. We
illustrate the implications for policy in a simple model of climate change.
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I. Introduction
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Recent years have seen growing awareness that human activity increases the risk of regime
shifts (substantial, persistent and abrupt system changes) (Biggs et al., 2012a), some with
potentially catastrophic impacts (Steffen et al., 2004; Rockström et al., 2009; Steffen et al.,
2015).1 Given the tight social and ecological interactions in many managed systems,
economic models focusing on regime shifts should incorporate processes likely to trigger such
shifts (Levin et al., 2012; Crépin and Folke, 2014). Economic analysis of regime shifts leads
to dynamic resource management problems where stochastic processes may trigger rapid and
dramatic changes. In continuous time models, economists usually model catastrophic risk by
assuming the existence of a hazard rate that may depend on endogenous variables such as
CO2 concentrations in the atmosphere or fish stock size (Heal, 1984; Clarke and Reed, 1994;
Tsur and Zemel, 1998; Gjerde et al., 1999). The literature on the topic is largely theoretical,
but with some empirical applications (Cai et al., 2013; Lemoine and Traeger, 2014; Lontzek
et al., 2015).
The two most common approaches to modelling catastrophic risk in a dynamic setting
consider time-distributed catastrophes (TDC, by far the most common) (e.g. Polasky et al.,
2011; Reed and Heras, 1992) or state-space distributed catastrophes (SDC) (e.g. Nævdal,
2006; Tsur and Zemel, 1995).2 These risk structures imply that the catastrophe either occurs
with probability one (TDC) or that the hazard rate is instantly responsive to changes in control
variables (SDC). These properties are inadequate for many real-world situations. We present
an alternative risk structure we call inertia risk, which is a hybrid of both standard
approaches. Inertia risk represents real-life problems in a more realistic way, especially

1

Impacts may also be beneficial. In order to simplify the discussion, we only discuss negative impacts.

2

We introduce this terminology and are not aware of any alternative terminology for TDCs and SDCs.
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because it accounts for dynamic lags between physical variables and the hazard rate and it
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allows for the possibility that substantial use of a resource at a certain level may eventually be
deemed safe.3 This approach is particularly appropriate for modelling renewable resource
stocks like fisheries (Polasky et al., 2011), lakes (Scheffer and Carpenter, 2003), coral reefs
(Hughes, 1994; Norström et al., 2009), grasslands/savannah (Hirota et al., 2011) and global
phenomena like planetary boundaries (Rockström et al., 2009; Steffen et al., 2015). Some
planetary boundaries relate to global-scale thresholds linked to climate change, ocean
acidification and stratospheric ozone depletion, while others like biogeochemical flows, landsystem change, and biodiversity loss relate to regional thresholds (Rockström et al., 2009).
We study the implications of using our new risk structure, compared with conventional
models, in management models, using examples from planetary boundaries and fisheries.
However, we argue that the inertia risk approach is applicable to other economic areas such as
knowledge spillover in relation to investments in R&D activities. The literature considers
different types of risk structures (Kamien and Schwartz, 1972; Doraszelski, 2003), but not
inertia risk.
We show that inertia risk gives rise to optimal paths that differ from the standard TDC
approach in the following important respects:


Optimal paths derived from TDC models are Markovian. Paths derived from inertia
risk models are possibly path-dependent and optimal policy may depend on history as
well as current location in state space.



Optimal paths derived from TDC models imply that a catastrophe will happen with
probability 1 unless a corner solution is optimal. For optimal paths derived from

3

We use the term ‘inertia’ synonymously with ‘sluggishness’ and not in the technical sense used in physics.
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inertia risk models, the probability of catastrophe may be any number in the interval [0
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1].


Steady state solutions derived from TDC models exhibit qualitatively different
comparative statics from steady state solutions for inertia risk models.

Section II presents and models the different risk structures involved and discusses their
respective advantages and drawbacks. Section III applies the inertia risk structure to a
simplified model that captures some basic features of many systems, including the climate,
lakes, coral reefs and grasslands/savannah. Section IV discuss how to generalise and apply the
results in management. Section V provides a summary and suggestions for future research.

II. Risk structures
Consider a system with uncertain dynamics that can undergo a regime shift whereby some
event can trigger a persistent non-marginal perturbation, termed a catastrophe. Here we focus
on stochastic processes where an event occurs at some random point in a continuous time
domain. It is common to model such processes using a hazard rate. If Y is a random variable
defined over some interval (y1, y2)  (–, ), with a pdf given by f(y) and a cdf given by
F(y), then the hazard rate (y) is given by:

  y   lim
h 0

Pr Y   y, y  h | Y  y 
h



f  y
.
1 F  y

(1)

Roughly speaking, the hazard rate gives the probability of a regime shift occurring in the next
unit of time. A particular hazard rate uniquely determines its associated pdf, f(y), and cdf,
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F(y), as long as lim    y  dy   and (y)  0 for all y, implying that we can choose
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  y2

y1

whether to work with (y), f(y) or F(y).4
Existing models of catastrophic risk
One way to categorise dynamic models of catastrophic risk is to distinguish between models
where the hazard rate is exogenous and where it is endogenous (Polasky et al., 2011). We
focus only on endogenous risk, i.e. where decision makers’ actions may affect the risk of a
catastrophe occurring. Such risk structures are particularly relevant when studying problems
of pollution release and resource exploitation, where human activities, besides producing
welfare, may also affect the risk of the system making a critical transition to an alternate
regime. In standard models with endogenous hazard rates, the hazard rate is a function of
some state variable, denoted x, which in turn may be time–dependent (TDCs) and/or
determined by the path of one or several control variables (SDCs, respectively).
Models of TDCs typically specify a hazard rate in the form of the probability of a particular
event occurring at each point t in time in the following way:

t  x  t   ,

(2)

where x(t) is an arbitrary continuous function possibly determined by a controlled differential
equation (Reed and Heras, 1992). This risk structure has been applied to a wide range of
topics, including regime shifts in fish stocks (Polasky et al., 2011), climate policy (van der
Ploeg and de Zeeuw, 2013; van der Ploeg, 2014), epidemic outbreaks (Berry et al., 2015) and
ecosystem services (Barbier, 2013).

4

This can be proven by viewing (1) as a differential equation for the unknown function F(y) with the initial

condition F(y1) = 0.

This article is protected by copyright. All rights reserved.

Models of SDCs are usually specified as pdfs in state space, i.e. some critical boundary in

Accepted Article

state space must not be crossed. Typically, this point is an unknown number representing a
particular value of some indicator (e.g. fish stock, pollution stock). If the pollution stock
exceeds or the fish stock falls below some critical level, a regime shift is triggered (Tsur and
Zemel, 1995; Nævdal, 2003; Kama et al., 2014). More general specifications where the
critical boundary is a curve in state space or there is more than one critical boundary have also
been analysed (Nævdal, 2006; Nævdal and Oppenheimer, 2007).
Formally, there is a random variable X  h(x), with h(x) = H(x), where H  x  is the cdf of X
such that x = X triggers a regime shift. x(t) is also a solution to a differential equation. Using
this approach in dynamic optimisation models requires transforming the event x = X
distributed in state space to the event x() = X distributed over time. The details of this
transformation depend to a certain extent on the properties of the system studied. The hazard
rate, denoted x  x  , is given as:
 h  x

dx 
, 0  .
1

H
x
dt





x  x   max 

(3)

Strictly speaking, eq. (3) is only valid when the term x  t  = 0 has at most one solution.
However, as long as x(t) is one-dimensional and an optimally controlled function, x(t) is either
strictly increasing or decreasing. This is usually not an issue for problems with a single state
variable. We return to this topic in section III.
A more general risk structure – inertia risk
We present a more general risk structure that incorporates delayed effects. Many real-world
problems involve an endogenous risk of system shift, while complex system dynamics with
slow reinforcing processes mean that regime shift can occur long after the initial trigger
(Carpenter and Turner, 2000). For example, in lake fisheries the fast variable ‘angling’ or the
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slow ‘shoreline development’ can both trigger a regime shift (Biggs et al., 2009). Outbursts of
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methane due to melting permafrost (IPCC, 2013), coral reef bleaching (Hughes, 1994;
Norström et al., 2009) and sudden collapse of the Greenland and Antarctica ice sheets
(Joughin et al., 2014) are all catastrophes that could occur if a critical temperature threshold is
reached. Other examples include damage and healing of the ozone layer (Solomon et al.,
2016) and the economics of R&D. Investing in knowledge is a slow process, with a potential
lag between the build-up of knowledge capital and the achievement of results, so inertia
appears to be a pertinent assumption. Moreover, even if a certain stock of knowledge capital
is maintained indefinitely, the probability of a breakthrough should diminish with time. Some
breakthroughs simply do not happen regardless of how long a knowledge capital stock is
maintained. In the SDC approach, if the knowledge stock does not increase, the probability of
a breakthrough immediately becomes zero. However, it seems sensible to allow for a
breakthrough occurring even if knowledge capital has started to decline. Introducing a more
realistic inertia risk structure into R&D models may have policy-relevant implications.
Systems with slowly moving variables can be represented by models where some parameter
value, rather than being constant, changes slowly over time. Examples include the build-up of
corals (Crépin 2007) and the accumulation of phosphorus in the mud layer between water
column and sediment in lakes (e.g. Srinivasu, 2004; Graß et al. 2017). The disadvantage of
this approach is that proper analysis means adding new dynamic equations to represent each
of these slow variables and their interactions with all other variables. The analysis then
becomes tedious, despite techniques like perturbation theory (see Crépin, 2007) and detailed
parameter sensitivity analysis (see Wagener, 2003). The representative set of variables and
their dynamics are also likely to differ in different systems, making it difficult to obtain
general results. Furthermore, the complex adaptive system dynamics (Levin et al., 2012) in
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some systems mean that a minimal change in model configuration can have substantial
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impacts on the outcome. Hence, more detail may not necessarily improve the solution.
We propose a different approach that builds on a social-ecological systems perspective
(Berkes and Folke, 1998) and resilience theory (Walker and Salt, 2012). In most socialecological systems, a limited set of variables and internal feedback processes interact to steer
the system configuration (Walker and Salt, 2012; Biggs et al., 2012b). We suggest that
focusing on these essential dynamics can generate ways of overcoming some of the
challenges posed by delayed dynamics. Rather than aiming for fine-tuned management
including all known details of the system and still risking being wrong, our approach is more
stylised and general and aims for approximately ‘right’ management promoting a regime that
is desirable for society. Hence we introduce an additional variable stress, denoted s, which
can represent all kinds of system pressures and loss of resilience that occur slowly, but are
serious enough to trigger a regime shift. s does not represent one particular slow variable, but
is rather an aggregate measure of key variables that could potentially influence system
resilience and trigger a catastrophe. A catastrophe consists of two distinct dynamic phases: the
process that generates a probability of regime shift, typically modelled with a hazard rate, and
the regime shift itself. Our dynamic model contains an explicit lag between cause and effect.
An alternative is to model a lag between effect and consequence, where it takes time from a
disaster occurs until its consequences are felt (Liski and Salanié, 2018). An approach building
on a pure TDC framework with added lags is also possible. However, neither of these
approaches would fit the general type of problem we discuss here.
In our approach, human activities aiming to control the system through e.g. harvest or nutrient
release are denoted u and have a direct cumulative effect on a state variable x through a
differential equation x  f  x, u  . The change in stress in a system depends on previous
amounts of accumulated stress (s) and the level of the state variable (x):
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s  g  s, x  .

(4)
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Given standard regularity conditions, the solution s(t) has a continuous derivative and
therefore responds sluggishly to changes in u. We assume a random variable S with known
pdf h(s) and cdf H(s). A large realisation of S implies a more resilient system, although the
true value of S is only known if the regime shift is triggered. The event s(t) = S has a
distribution over time. The inertia hazard rate for the process is given by: s(s, x) = h(s)/(1 –
H(s))max( s , 0). The inertia hazard process consists of the two differential equations for x
and s, and the hazard rate generated by the paths of these variables. Note that the definition of
s(s, x) implies that the hazard rate only depends on slow variables determined by differential
equations and is therefore itself a slow variable.
A regime shift is a discrete shock5, which could take many forms depending on the problem at
hand. In section III, we model a situation where the differential equation shifts from

x  f  x, u , 0  to x  f  x, u ,   . Alternatively, a regime shift could be a shock to utility or a

jump in one of the state variables.
We give an example of an inertia hazard process without specifying the regime shift or
performing any economic analysis. Assume that the stock of some pollutant is determined by:

x  u  t    x ,

(5)

where u(t) denotes the rate of pollution emissions and δ the rate of depreciation (i.e. the rate at
which the pollutant is absorbed by the environment and becomes harmless). Stress is
determined by the following differential equation, where α and γ are parameters:
s   x   s .

(6)

5

A regime shift could also be modelled as an endogenous change in system dynamics due to e.g. system

bifurcation (Wagener, 2003; Crépin, 2007; Polasky et al., 2011). However, for our purposes a jump simplifies
model analysis substantially, while remaining quite realistic.
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Here  is a measure of inertia. The expected time before an additional unit of x contributes to
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an increase in stress is –1. Parameter  is the system’s capacity to absorb stress. If s increases
above some threshold level S, this triggers a regime shift (unspecified for now). S is
distributed over  0,   with mean μ and standard deviation σ. For simplicity, we assume that
S  h(s) =  s exp   12  s 2  and H(s) =

s

 h  q  dq
0

= 1  exp   12  s 2  . This functional form

has a hazard rate given by s. The time-distributed inertia hazard rate is then

t   s  max  s, 0 .

(7)

We illustrate the risk structure with two numerical examples (panels A and B in Figure 1). In
panel A, emission level, u(t), is a step function with u(t) = 0 for t < 0 and u(t) = k for t  0,
where k is some positive constant, e.g. an increase in pollution from new agricultural
activities. The stock of pollutant increases and the hazard rate increases at first, representing
an increasing risk of regime shift due to accumulation of the pollutant creating increased
stress.

Figure 1: Time path of the inertia hazard rate (), stress (s) and state (x) when u(t) is a constant k (panel
A) or a pulse tExp(-t) (panel B). Note that the relative magnitude of x(t), s(t) and (s(t), x(t)) is not
important, as they are measured in different units.
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However, if this constant flow of pollutant does not trigger a regime shift after some time,
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then the system can apparently absorb the pollutant without any particular disturbance. This
means that the ecosystem is probably sufficiently resilient to stress and the hazard rate begins
to decrease and goes asymptotically to zero. Two trends co-occur here. First, the hazard rate
exhibits a lagged response to changes in emissions. Second, as s converges to steady state, it
becomes increasingly likely that the ecosystem can handle the stress unless emissions increase
further.
Panel B in Figure 1 shows the effect of an emission pulse, for example an oil spill at sea. As
in panel A, the hazard rate increases initially and continues to increase after the stock of the
pollutant has started to decline, as stress accumulates even then. Note also that after the stress
s(t) begins to decline, the hazard rate is zero. In both graphs a higher level of inertia (high α)
would result in a higher level of the stress curve, while a higher capacity to absorb stress (high
) would make the curve flatter.
When the hazard rate starts decreasing and how long it takes depends on the system. Slow
variables can substantially influence the timing of the increase and the time it takes for the
risk to come back to 0 after disturbance. This decrease is presumably relatively late if there is
a slow accumulation process with potentially late release due to slow variables (see e.g.
Crépin, 2007, for a continuous model with such properties).
Conceptual implications of TDC, SDC and inertia risk
Comparing particular properties of the different risk structures illustrates that each is
differently suited for different applications, e.g. steady state properties and long-run dynamics
(note that the subtle transition dynamics in hazard rate illustrated in Figure 1 only exist with
our inertia risk structure).
One particular property of TDC risk structure is that if the state variable, x(t), is constant, the
hazard rate, t(x(t)), is also constant. Hence, even if no more stress is added to the system and
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it remains in a particular state for a very long time, the risk of a regime shift still remains
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unchanged. As time goes to infinity, the event will occur with probability 1. A resource
exploitation model or pollution model that leads to a catastrophe may be less interesting for
managers, and often less realistic, than a model that at least incorporates the possibility of
sensible management being sustainable in the long run.6 The steady state risk could be very
small of course: an expected waiting time of 1 million years before disaster occurs would
probably suffice for a process to be termed sustainable. However, even if a model with inertia
risk yields a small total probability of catastrophe, using a TDC would not necessarily imply
low hazard rates. Furthermore, if a model with a TDC yields a very small hazard rate in
steady state, this is in general because the cost of a catastrophe and/or the ex post marginal
utility is close to infinity. This probably only applies to catastrophes of a global nature.
Models with SDC do not have this shortcoming. If, for some reason, one is able to freeze state
variables, the rate of change jumps from strictly positive to exactly zero. For example, if a
fish stock is driven down to e.g. 20% of its carrying capacity and does not immediately
collapse, then that level is known to be safe. However, this assumption is often too optimistic
for models aiming to capture real-world dynamics. When a fish stock is down to 20%, there
may be a period during which it is uncertain whether that fish stock can remain indefinitely at
that level or will collapse. Models with SDCs fail to account for cumulative effects that may
emerge in the long run as a consequence of a disturbance. Thus they are inappropriate for
modelling e.g. knowledge spillover, which can occur long after some intervention has been
made. Our definition of inertia risk s(s, x) means that the hazard rate only depends on

6

One possible alternative is to specify that there is only risk above or below a certain threshold (Margolis and

Nævdal, 2008). However, in such a model the result holds that if it is optimal to accept a strictly positive
probability of regime shift for some time interval [t*, t* + ], it is also optimal to accept it for all t over [t*, )
and the system will experience a regime shift with probability 1.

This article is protected by copyright. All rights reserved.

continuous variables, and is therefore itself a continuous variable. In contrast, in the SDC
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approach the hazard rate may have discontinuous jumps or may respond rapidly to changes in
a continuous manner if controls change quickly enough.
Another property worth comparing is the potential for learning. TDCs do not allow for
transiently high hazard rates and optimally managed systems are Markovian, so for given
levels of state variables, a system that has been stressed holds the same information as a
system that has not been stressed. An optimal policy only depends on the current value of the
state variable and not on the history, which is not necessarily the case with inertia risk. Hence
assuming a TDC suggests that there is no learning and that long-run steady states are
independent of initial conditions. In some cases this is an innocuous assumption, but in real
life non-monotonic hazard rates are often perfectly sensible. For example, exposing a natural
resource system to stress results in learning about the system’s capacity to cope with that
stress. Hence, optimally managed systems could be expected to exhibit path dependency,
which does not happen with a TDC, at least unless the problem itself is convex-concave. In
contrast, SDCs assume that learning is immediate because once a particular point in space is
reached and no regime shift has occurred, it is known to be safe.
Hence, TDCs and SDCs have properties that are unfortunate as building blocks for models of
resource management, climate change or knowledge spillover, but our inertia risk approach
does not. If inertia risk is the most realistic structure, then imposing a TDC or a SDC structure
with optimal paths that are not path-dependent will probably make regulation more costly
than necessary. Below we analyse the implications of inertia risk in a stylised model and
compare these with corresponding outcomes with TDC and SDC.

III. Application: A Model of Climate Change
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We now examine the implications of the different risk structures in a simple climate model.
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Assume that x denotes global temperature measured as increase above pre-industrial levels.
Building on evidence of an almost constant carbon-climate response (Matthews et al., 2009)
we assume that temperature dynamics are given by eq. (8), where u is the rate of carbon
emissions and δ is the natural rate of cooling. Following Steffen et al. (2018), we include a
climate feedback, represented by , that plays out if average global temperature exceeds a
certain level (they suggest around 2 degrees Celsius) where self-reinforcing mechanisms
mean that when this threshold level is passed at time τ, climate dynamics undergo a regime
shift into a “Hothouse Earth”. Transgressing tipping elements (Lenton et al., 2008), like
substantial release of methane from melting permafrost (Walter et al., 2006; Anthony et al.,
2012) and collapse of Greenlandic and Antarctic ice sheets (Joughin et al., 2014) may activate
feedback, .
u   x for t  
x  
.
u   x   for t  

(8)

Let a be the amount of stress that triggers a shift in carbon cycle dynamics. Now define τ as
the earliest point in time t at which stress reaches the level a:   inf t  t : s  t   a  . For
simplicity, assume that a is the realisation of a random variable S, which is exponentially
distributed with intensity . This allows steady state expressions to be calculated. More
realistic assumptions would not alter the fundamental results, but would require numerical
analysis. We assume that the amount of stress s in the system is governed by eq. (6).
Assume that the damage done by temperature, x, is Ax and the cost of reducing greenhouse
gas emissions is ½c(u0 – u)2 where u[0, u0]. We model the feedback effect as a state variable
B, where B = β with feedback and B = 0 without. This leads to the following optimisation
problem:
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2
max 0     Ax  c2  u 0  u  e  rt dt  ,
u  t  0,u 


0


(9)

subject to:
x  u   x  B, x  0  given,

s   x   s, s  0  given, and
B  0, B  0   0.

(10)

The stochastic process is:

Pr    t , t  dt  |   t 
  max  s, 0  if s  t   sup s  
 lim
dt

  s, x    dt 0
.
0 if s  t   sup s  


lim B  t   lim B  t    .

t 

(11)

t 

We solve the problem recursively using optimality conditions found in Nævdal (2006) based
on more general conditions found in Seierstad (2009) and reproduced in online appendix A.
First, we calculate the general optimal solution after the catastrophe has occurred from an
arbitrary post-catastrophe state (, x()). We then calculate the optimal solution conditional on
the catastrophe having not yet occurred.
Optimal solution post catastrophe
Let J  x   ,   denote the current value function post catastrophe and (t| ) the ex-post
shadow price of x. Note that s(t) no longer affects the management problem, as the damage
inflicted by stress has already been done and is irreversible. The notation ( | ) indicates that
the expressions are conditional on the event  having occurred. When the catastrophe has
occurred, B is equal to  and the post-catastrophe problem is:
J  x,  |    exp  r  max 0

u  t 0,u 



   Ax   u



c
2

s.t : x  u   x   , x   given.

The solution to this problem is:
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 u  e rt dt .
2

(12)
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u t |    u0 

A
,
c r   

 t |   

A
.
r 

 u0  

A
  t  
x t |    

 x   e   t   .
 1  e
 
c

r










(13)

Evaluating (13) as times goes to infinity gives the steady state level of x(t) conditional on the
event having occurred:
x    0 

u0  






A
  u0  
A

, s     0  
.
c  r   
 
c  r    

(14)

Inserting from (13) into (12) and calculating the integral gives the value function after the
regime shift for an arbitrary value of x:

J  x,  |    

Ax
A( A  2c (u 0   )(r   ))

0.
r 
2cr (r   ) 2

(15)

Note that setting  = 0 and  = 0 in equations (12)-(15) provides the steady state solutions of

x and s when there is no risk.
x    0 

u0





A
,
c  r   

s    0 


  u0
A
 
.
   c  r    

(16)

Pre-catastrophe solution
Let z be the ex ante value function. Then, using (15), the cost of the regime shift, should it
occur at time , is given by: J(x, β | τ) – z . We form the Hamiltonian to solve for optimal
policies prior to hitting the threshold, where  x denotes the shadow price of temperature x
and s the shadow price of stress s. (s, x) is the hazard rate defined in eq. (11). Note that
s   if s  0 and s  0 if s  0 . Similarly, x   if s  0 and x  0 if s  0 .
2
c 0
u  u    x  u   x  B    s  x   s 

2
  B  0    s , x   J  x,  |    z  .

H  u, x, s,  x , ms    Ax 
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(17)

This Hamiltonian consists of that used in deterministic control theory with an additional term,
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(s, x)(J(x, |) – z), representing the expected cost of the catastrophe. Applying the
maximum principle to (17) yields:

  


u  arg max H  v, x, s,  x , ms   min  max  0, u 0  x  , u 0  ,
c  
v0,u 0 




 x  r  x 

H
x

  r     x  A   s    s, x    x    t |      J  x,  |    z  x ,

 s  r  s 

(19)

H
  r     s   J  x,  |    z  s ,
s

(20)

H
 r B  x ,
B

(21)



(22)

 B  r  B 



(18)

z  rz  Ax  c2  u 0  u     s, x   J  x,  |    z  .
2

Together with appropriate transversality conditions and the equations of motion, equations
(18)-(22) characterise the optimal solution assuming that s(t) is non-decreasing. Note that the
expression for  B does not affect the optimal solution and does not need to be computed.
Steady state solutions can be found by setting all time derivatives in (19)-(22) equal to zero
and solving the resulting equations together with (18).7

xss 

u0



 r    r    




2 A 2  2 
2
2
 (r   ) ( r   ) 

c r    


A

.
c  r   






Abated because of threshold risk

(23)

Abatement without risk

7

These steady state conditions must be interpreted with some care because the derivative of the hazard rate is

discontinuous when s  0 . xss and sss are the limits of s(t) and x(t) if s  0 along the optimal path. As a steady
state is never actually reached in finite time  s   and  x   for all t. Note also that there exists a steady
state where xss > u0/. This steady state has no economic interest and is a consequence of the quadratic
instantaneous utility function.
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Steady state emission and stress levels are given by:
uss   xss , sss   1 xss .

(24)

Note that if A = 0 then xss = u0/, which is the steady state if u is unregulated. Note also that if

 = 0 or   0, then xss = u0/ – A/(c(r + )) = x()=0, which is the steady state of the
deterministic problem with no risk of B jumping from 0 to  from eq. (16). The solution has
several interesting properties. Note that the magnitude of abatement does not depend on
unregulated emissions u0. Further, if the system is relatively slow (i.e.  and  are small), then
(r + )(r + ) is also a small number and the terms containing A dominate the steady state
abatement level. Obviously, if the term A/ c(r + ) becomes sufficiently large, then xss  0.
When this happens, it is optimal to let x(t) go to 0. This happens if e.g.:



A     u 0       2  2   2u 0     2  2

 c  r   .

(25)

where  = (r + )(r + ). Hereafter, unless explicitly stated, we assume that A does not satisfy
(25) and positive emissions are optimal. It is also interesting to note that threshold risk means
that discounting works differently. In standard deterministic and TDC models, discounting
affects the solution through a multiplicative term in the denominator. With SDC problems,
when the cost of crossing the threshold is a shock to instant utility, discounting affects the
optimal solution in a quasi-linear way (see Nævdal and Vislie, 2008). Given that inertia risk is
a hybrid of the two structures, it is interesting that the role of discounting in eq. (23) is also
hybridised.
The steady state in eqs. (23)-(24) only has economic relevance provided some optimal
solutions in fact converge to it. This occurs e.g. when Proposition 1 holds:
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Proposition 1. Assume that  > c–1. Then the system defined by (10), (18), (19), (20), (21) and
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(22) has at least two eigenvalues with negative real parts.
A proof based on Gershgorin’s circle theorem is given in online appendix B. Proposition 1
implies that by appropriate choice of integration constants, we can ensure that (x(t), s(t))
converges to (xss, sss). It is worth noting that  > c–1 is a sufficient and not a necessary
condition for the existence of two eigenvalues with negative real part, so convergence of x
and s may also occur if   c–1. Online appendix B presents a heuristic discussion of stability
and argues that stability also holds when  > c–1 and that oscillations are unlikely to be
optimal. If the remaining three eigenvalues for (18)-(22) are positive in steady state, then the
steady state is a saddle point. Using Gershgorin’s circle theorem, one can also prove that if r,
r +  and r +  are sufficiently large, such positive eigenvalues exist. However, the algebraic
complexity and size of these bounds are such that little insight is gained from reproducing
them. We thus assume that parameters are such that the equilibrium is a saddle point.
Dynamic Analysis
Steady state analysis does not tell the whole story, so we must analyse the dynamics. We now
illustrate that the steady state to which the system converges depends to some extent on initial
conditions. For initial levels of stock and stress (x(t), s(t)) that are sufficiently low when
regulation starts, the steady state in eq. (23) with the associated values of uss and sss, is the
relevant steady state as s > 0 for all t. However, if the pollution process has gone on long
enough, inertia means that if s(0) is large enough, then s(t) > sss for some t. Unless the disaster
occurs, we learn that there are safe values of s higher than sss, so there is no gain in trying to
steer the system back to lower levels. Proposition 2 thus establishes a continuum of steady
states in a segment of the line s (for proof, see online appendix B):
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Proposition 2. Assume that an optimal solution exists. Define the set W ={(x, s): (xss < x 
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x()=0, sss < s  s()=0, s = x – s = 0)}. Then any (x, s) belonging to W is a steady state.
In order to illustrate path dependency of optimal solutions, we first analyse a case where
regulation starts when the initial condition (x(0), s(0)) is sufficiently low to converge to the
steady state in eqs. (23) and (24) and then a case where convergence is to some point in W.
Figure 2 illustrates optimal paths for x(t) and s(t) when regulation starts at low pollution
levels. If unregulated, the system would converge to (x, s) =  u 0  ,  u 0   . Along the
straight line from the origin s = 0, there are three different steady states: (xss, sss) is the steady
state from eq. (23) when the system is regulated under the risk of a jump in ; (x()=0,
s()=0) is the steady state when there is no risk of a jump in B, because  = 0 or/and  = 0;
and (x()>0, s()>0) is the steady state after the jump has occurred. Along the s  0 line, s =

 1 x . S* indicates the true value of the threshold, which is unknown to the regulator. Curve

A indicates the optimal path. When the threshold is crossed, the dashed part of curve A is no
longer optimal, and the optimal path is instead the solid curve towards (x()>0, s()>0).
Curve B indicates the path that a regulator unaware of the threshold would choose. When the
threshold is crossed, the regulator adjusts the system away from the dashed curve towards
(x()>0, s()>0) instead.
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Figure 2: Comparison of the optimal policy (solid curves) taking risk into account (path A) and a
suboptimal policy ignoring risk (B) when threshold S* is crossed. The dashed curves indicate the optimal
paths had the stress threshold not been reached.

Figure 3 illustrates a case where the true value of the threshold S* lies above the steady state
(xss, sss). In that case, following policy A, accounting for the risk, does not trigger the
catastrophe, while following policy B, ignoring the risk, triggers the catastrophe. The
regulator should then steer the system along the dashed curve towards (x()>0, s()>0).
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Figure 3: Comparison of the optimal policy, (solid curve A), which does not trigger the catastrophe, and
the suboptimal policy (solid curve B), which does. The dashed curve indicates the optimal path had the
stress threshold not been reached.

We give a heuristic description of the dynamics when regulation starts at relatively high
pollution levels (see formal analysis and optimality conditions in online appendix C). On
moving through (x, s)-space, as long as we do not cross the threshold we learn where it is not
located. Any value of s that has been experienced previously is thus known to be safe. This
means that, when the system has previously been imperfectly regulated, the optimal long-run
equilibrium when regulation starts near the origin may no longer be relevant either, because
some values of s are known to be safe, or inertia means that we are committed to experiencing
values of s > sss. If s()=0 > s(0) > sss, or if s(0) < sss and inertia is large enough, then s(t)
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increases above sss for some period, regardless of how u(t) is chosen. To see the effect of
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inertia, we solve eqs. (5)-(6) with some arbitrary initial conditions (x(t1), s(t1)) and u(t) = 0:
x  t   x  t1  e  t t1 
s t  

e   t t1  x  t1    e   t t1   x  t1    s  t1      .

(26)

 

The maximum value s of s(t), conditional on u(t) = 0, over the interval [t1 , ∞) is attained at
t and given by:

t  t1 

   x  t1       s  t1   
1
ln 


   
 x  t1 


    x  t1       s  t1   
s  x  t1  


 
 x  t1 





 

.

The initial conditions s(t1) and x(t1) imply a commitment to accept a stress level s  s  t



larger than s(t1). A necessary condition for the steady state in eqs. (23) and (24) to be relevant
is clearly that sss < s . If this does not hold, then if the threshold is low enough, the
catastrophe will be triggered regardless of action taken (i.e. even if u(t) =0), because of
inertia. We illustrate different possibilities in Figure 4. The unregulated path is illustrated by
the arrow from the origin to the unregulated steady state  u 0  ,  u 0   , which is the longrun equilibrium conditional on the catastrophe not being triggered and is given by:

lim x  t u t u 0 
t 

u0



, lim s  t u  t  u0 
t 

 u0
.


(27)

We illustrate three qualitatively different types of optimal regulation paths I, II, and III,
starting at different locations on the unregulated path. Path I occurs when regulation starts
relatively early. In spite of inertia and the late start, s(t) will remain below sss and (xss, sss) is
the relevant steady state.
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If regulation is delayed until point II, s(t) will increase above sss even if u is set to zero for all t
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after regulation starts. The steady state (xss, sss) therefore loses its relevance, as there is no
gain from forcing s(t) down to sss. However, it is obviously not optimal to act as if there is no
risk. The solution is to steer the system to some point

 xˆ, sˆ  in

the set W defined in

Proposition 2, and let it remain there indefinitely. An important part of optimal regulation is
to determine the exact location of  xˆ , sˆ  , as this point is endogenous and will be the long-run
equilibrium.

Figure 4: Three paths that are optimal given different initial conditions and conditional on not reaching
the threshold.

Path III occurs when regulation starts so late that s(t) becomes larger than the steady state
value of s without risk, s      0 . Here again, tardy regulation means accepting the risk that
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follows from inertia. However, in this case when s = 0 is reached, s(t) and x(t) are both higher

Accepted Article

than the optimal steady state level without risk. If, by luck, the maximum value of s(t) has
been reached without catastrophe, then there is no more risk as it is optimal to let s(t)
converge to the lower level s      0 . As the hazard rate is proportional to s , for paths I and
II, the hazard rate converges towards zero as x and s approaches steady state. Path III
overshoots the s = 0 isocline and experiences a period where s < 0, implying that the
probability of disaster is zero before x(t) and s(t) converge.
Comparison between inertia risk, SDC and TDC
Comparisons of the steady state solution in the different approaches is challenging because
different hazard rate processes mean different dynamic systems, i.e. ‘comparing apples and
oranges’. In fact, inertia risk involves an extra differential equation. Further, parameters such
as  are not directly comparable in the different models, as they have different units.
However, we can compare the optimal steady state values of the state variable x for all three
types.8 This comparison should make sense regardless of model dimensions and other
elements differentiating them. The TDC and SDC models share the following structure:







2
max     Ax  c2  u 0  u  e  rt dt 
u  t 0
0


(28)

x  u   x  B, x  0  given B  0, B  0   0, B     B      .

(29)

subject to:

They differ in the stochastic processes generating the catastrophe.

8

For brevity, we do not show the calculations. They are straight-forward to reproduce with the optimality

conditions given in online appendix A.
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First, we compare models of inertia risk and TDC risk. TDC problems do not have an
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equation for stress and also differ from inertia risk problems by their stochastic processes. The
stochastic process for the TDC problem is given by:

lim

Pr   t , t  dt  |   t 
dt

dt  0

 t  x  .

(30)

Assuming for simplicity that t  x    x , we can compute the resulting steady state value,
xssTDC , to be compared with xss:
TDC
ss

x



u0



 F 

r 2C    2r    2G 

E

.

where

 r  u  
0

F

r


 1 

 r    2G 

.

(31)

E    c  r    2r     2 A  .
G

A
.
c  r   

In this set-up, the expression for xssTDC is much more complex than xss in eq. (23) and there are
structural differences. The abatement level in xssTDC is given by xssTDC – u0/ and responds nonlinearly to changes in damage A because A enters both the numerator and denominator. With
inertia risk, A only enters the numerator. The abatement level also depends in a non-trivial
way on u0, whereas abatement in xss in eq. (23) does not.
Note that in steady state, the hazard rate remains an important factor in the optimality
conditions for TDC problems, but is zero with inertia risk. The hazard rate still influences the
steady state solution with inertia risk, but only through its derivative with respect to state
variables. See Nævdal (2016) for an analysis of how the hazard rate and its derivative affect
optimal solutions.
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While these examples represent highly stylised models, they illustrate that if inertia risk is the
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most realistic model, using TDC is neither a good approximation nor simplification. In
particular, the comparative dynamics are different as parameters have different effects in the
different models.
We now compare inertia risk and SDC risk. The SDC problem that is similar to our inertia
risk problem has no equation for stress and a stochastic process given by:
lim

Pr   t , t  dt  |   t 

dt


B    B     .

dt  0

  max  x, 0  .

(32)

ss
The resulting steady state value of x is given by xSDC
:

SDC
ss

x

u0

A
 

 c  r   

r  

r   


2

2 A 2

c r   

.

(33)

The solution clearly has a similar structure to xss in eq. (23), although xss is slightly more
complex than xssSDC . This is perhaps not surprising, as SDC is a special case of inertia risk. If s
is a very fast variable relative to x, then one can transform the inertia risk problem into a SDC
problem. However, that would mean losing all the subtle dynamic effects that follow from the
sluggishness of s. The difference between these two solutions depends on the size of the term

 r     . If  r     <1 then xss <

xssSDC , while xss > xssSDC if  r     >1. Recall that –1 is

the expected time it takes for a unit of x to result in a unit of stress. If stress responds rapidly
to changes in the state variable and decreases slowly after such disturbance (low natural
cooling, γ), the optimal steady state will entail much lower temperature than without inertia
and vice versa. In this problem, discounting reinforces this last effect, illustrating that
impatience plays a similar role to the capacity to absorb stress for the steady state shock size.
If r + γ = α, the delays imposed by inertia are exactly compensated for by the degree of
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cooling and the degree of impatience. In this case, the stock variable has the same steady state
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level with SDC as with inertia. However, it must be emphasised that inertia still means that
the hazard rate is sluggish relative to the SDC case and therefore we approach the steady state
on a different path even if r +  = .

IV. Discussion
The results presented in section III are based on a particular model of climate change. Here,
we discuss whether they can be generalised to other types of systems and dynamics.
While our application focuses on climate change, the model we use is so general that it could
apply to many different pollution problems with a risk of regime shift. For example, the term
u could represent impacts of CO2 on ocean acidification, emission of gases affecting the
ozone layer or inflow of nutrients to a lake or other type of aquiphere. Similarly, parameter δ
could represent many different types of natural absorption of the pollutant. The stress
equation is also so general that it is appropriate to many different cases where stress depends
on the level of some particular stock variable. In fact, we chose this set-up for its generality
and its capacity to describe traits particular to systems subject to potential regime shifts in the
literature (see section II).
However, while our application can represent many types of pollution problems, there are
problems for which it is less appropriate. Thus we also discuss to what extent this approach
can be generalised. First, we consider problems with more interacting variables than the two
in our model. We envisage a set-up where the variables x and s are vectors instead, in which
case stability analysis may become quite complicated. The application studied is not well
suited to represent resource management problems, in which case the resource, e.g. a fish
stock or a forest, exhibits some kind of growth dynamics that we do not yet incorporate. The
early regime shift literature focused mostly on shallow lake dynamics, but there has been
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substantial expansion to model all kinds of resource use in particular fisheries, grasslands,
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forests, coral reefs, etc. These studies show that similar types of dynamics occur in all these
systems and that many of the results obtained with shallow lakes can often be successfully
applied to other systems. Generalisation would therefore be feasible and useful in our inertia
risk approach. In most cases, it would probably be enough to replace the linear input u with
some function of the stock dynamics itself that represents growth. Since we already feature
regime shift dynamics through term b and the stress equation, this function would only need
to incorporate some rather simple growth component, e.g. logistic growth.
Our approach depicts regime shift as a sharp change (sudden shift B in state on crossing a
threshold) that is also irreversible. Note that representing a regime shift by a flip between 0
and B is the limit case of a more general model, which would incorporate a term B(x/(1+xθ))
when θ goes towards infinity. Then, for x < 1 this term goes towards 0 and for x > 1 it goes
towards B. At the other extreme, high smoothness is best characterised by a linear change
instead. This general formulation may allow for some reversibility.
We exclude the possibility of limit cycles (see online appendix B for motivation). However,
recent research indicates that many systems, including several possible tipping elements of
the climate system, are forced periodically at a time scale comparable to their internal
dynamics (Bathiany et al., 2018). This is a pertinent, but rather difficult, area for future
research.
Finally, there may be situations for which a pure TDC approach would be more appropriate,
but which still exhibit lags. Such problems with purely time-distributed catastrophes and lags
would probably require a rather different approach that has yet to be defined.
We show that introducing the concept of system stress can be a useful way to model systems
with inertia and potential risk of catastrophic shifts. Our model is not intended to produce
reliable predictions of some real-world system, a near impossibility given their complex
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adaptive system dynamics, but to highlight trade-offs and potential impacts of alternative
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choices in the study context. Specifically, our approach relies on the ability to measure stress
and how it changes over time. This is closely related to the concept of resilience, which has
proven quite difficult to measure despite many attempts. Moreover, many scholars argue that
measuring resilience is not useful per se, but rather that it is a useful concept for applying to
different problems in order to assess their propensity to undergo regime shifts of significance
for their users (Walker and Salt, 2012). Stress is slightly different, e.g. in many real-world
problems it may be feasible to measure some proxy of an aggregated level of ecosystem
stress, e.g. the planetary boundaries literature proposes measuring these boundaries as
particular levels of some “control variables”9. These include atmospheric CO2 concentration
for climate change, carbonate ion concentration for ocean acidification, stratospheric ozone
concentration etc. (Rockström et al., 2009). For many of these control variables the scientific
community has identified continuously refined boundary values or risk thresholds, at which
the risk of crossing a threshold becomes non-negligible (Steffen et al., 2015). Following
Margolis and Nævdal (2008) and Crépin and Folke (2015), and given the substantial risk that
a global non-reversible catastrophe could occur, we argue that it is reasonable to take a
precautionary approach and use these boundaries as a proxy for threshold values. In other
systems, like coral reefs, a measure of stress could be the average temperature in the water
column and a temperature threshold around 30°C for bleaching. However, identifying
accurate indicators of stress and their threshold is a task that requires substantial scientific
research and sometimes arbitrary choices about the most convenient parameters to measure at
the moment, given available data. We are now in a much better position than we were 20

9

These should not be confused with the control variables used in control theory. The confusion in terms

originates from different scientific traditions in different disciplines.
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years ago when it comes to understanding these types of dynamics in natural systems, but the
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path ahead remains long and tedious. One contribution of our paper is to highlight the kind of
information needed to properly study the issues. In many cases, unfortunately, we are
unaware of the threshold location and sometimes even of the risk of regime shifts. Resilience
theory advocates nurturing general resilience to cope in these cases (Biggs et al., 2012b).
Stress may be difficult to measure precisely, but in some cases exact measurement may be
unnecessary. Assume that, in the stress equation (6), we can observe x and that scientific
theory gives us a good estimate of , the system’s capacity to absorb stress. Assume also that
the system had no stress at a specific point in history, tˆ  0 . Then:
s t 



e

t

t

 x   e

 

d .

(34)

tˆ

where the right-hand side is observable even if the left-hand side is not. Hence, if one is able
to form a probability distribution over possible locations of the threshold divided by , then

neither s(t) nor  need to be observed, as their ratio can be inferred from eq. (34).

V. Final remarks
We introduce inertia risk, a novel way to model dynamic catastrophic risk which we show is
appropriate for many real-world situations. With inertia risk, we use a stochastic structure
where the optimal probability of catastrophe may span the entire interval [0, 1]. Optimally
managed inertia risk also exhibits path dependency and accounts for possible time lags. We
illustrate our approach with a model of climate change, in which stress is substantially related
to changes in temperature and decreases slowly. After this disturbance, the optimal steady
state entails much lower risk than without inertia, so the optimal policy with inertia proves to
be more precautionary than if inertia were not accounted for. Hence, managers who ignore
these lagged effects would take more risk than necessary to end up in a situation of
31
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undesirable climate change. This risk is not justified by the potential gains associated with
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that risky behaviour. On the other hand, managers who are aware of these processes may have
more time to react before the catastrophe occurs and may actually be able to avert it. It is also
worthwhile noting that, with inertia risk, the hazard rate will depend on different parameters
than with SDC and TDC. Therefore, this paper provides valuable information about the kinds
of variables that managers who want to monitor these types of system should measure.
In addition, the possibility of non-Markovian controls and learning in inertia risk gives rise to
a continuum of long-run equilibria that to our knowledge does not appear in TDC models.
This is particularly striking in comparison with TDCs where the long-run equilibrium prior to
catastrophe may exhibit path dependency if there is a Skiba point in the model, but they are
always Markovian. Overall, this means that using TDC or SDC models may lead to
substantial errors in policy recommendations that cannot be corrected when later discovered
because of the intrinsic path dependency inherent in the system. This in turn suggests that
many models of resource exploitation with endogenous risk, including many climate models,
resource management models and even models of knowledge spillover, should be revisited
using an inertia risk approach.
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