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The literature on metrics to measure contributions to climate change from emissions of different greenhouse
gases divides into studies that highlight physical aspects and studies that show the importance of economic
factors. This paper distinguishes the physical aspects and implications of economic factors by asking what is
demanded from physically based metrics if used for a specific policy objective. We study the aim of maximizing
the welfare of emissions generated by consumption when there is a limit to the increase in global mean
temperature. In that case, metrics ought to change over time, with increasingweight on short-living gases before
the temperature limit is met. Metrics for short-living gases increase also with increasing uncertainty.
Adjustments to new information spur higher metrics for short-living gases if it reduces the expected allowable
emissions before the target is met, and lower metrics in the opposite case. Under a binding target, metrics
refer to the instantaneous impact on radiative forcing multiplied by the lifetime of the respective gases, and
adjusted by the attitude to risk.
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1. Introduction

Climate policy is based on uncertain knowledge about a very com-
plex earth system. Despite the uncertainty, strongmeasures are needed
today to avoid the risk of severe consequences in the future, even
though the outcome of the policy may not be observable for decades.
This puts strong requirements to the dissemination of knowledge.
It has to be simplified and presented in a way that helps policy makers
intuitively select measures that support their intentions.

Simplification implies that the same knowledge can be presented in
different ways, meaning that the choice of policy will depend on how
the knowledge is simplified. This can be illustrated by the way the cli-
mate impact of emissions of different greenhouse gases is calculated.
Currently, the UN Framework Convention of Climate Change (UNFCCC)
uses Global Warming Potentials (GWPs) for this purpose. GWP
transforms emissions of the various gases to a common scale, called
CO2-equivalents. This is a metric for the cumulative radiative forcing
in W/m2 of one unit mass of emissions over the coming 100 years,
assuming constant background level, relative to a corresponding forcing
of the same unit mass of emission of CO2 (Houghton et al., 1995).

Hence, the GWP of CO2 is 1 by definition. Myhre et al. (2013) report
GWPs for the other gases. For methane (CH4) it is 34 when the indirect
eim).
effects are included. The corresponding GWP of the third main gas, ni-
trous oxide (N2O) is 298. Using thesemetrics, emissions of CO2 contrib-
ute N65% of the total radiative forcing from global emissions of
greenhouse gases. CH4 emissions contribute nearly 25% and N2O N8%.
Approximately 1% stems from other greenhouse gases.

The metrics decide the priority of measures to mitigate climate
change, for example, howmuch emphasis should be placed on reducing
emissions of CH4 relative to cuts in CO2 emissions. It is, however, unclear
howwell theymotivate adequate composites of cuts given the objective
of climate policy. Policy is motivated by concerns about the increase in
temperature, other climatic changes or their impacts. Radiative forcing
over the next 100 years is an imperfect indicator of these changes.
This is evident from the speed at which the concentration from one
unit mass of the different gases declines. For CO2, a part of the emission
is absorbed after a few years, while other parts remain in the atmo-
sphere for thousands of years (Archer et al., 2009). The climate impact
of a unit emission of CH4 is reduced by nearly 2/3 (to 1/e) after 12.4
years. For N2O, the corresponding lifetime is 121 years, while CF4, for
example, has a lifetime of 50,000 years. Therefore, GWP will change
significantly depending on the choice of period over which radiative
forcing is calculated, and there are no apparent reasons for the chosen
100 years (Fuglestvedt et al., 2003; Shine, 2009).

The choice of period is one of many problems in providing a
metric for emissions of different greenhouse gases. Climate science
therefore suggests a range of alternatives that emphasize different
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characteristics of the earth system, which are important for the
choice of metric (Myhre et al., 2013). There are also suggestions to
metrics that reflect differences in abatement costs, damage of cli-
mate change and the timing of costs and related benefits to reflect
economic factors (Kolstad et al., 2014). They all contribute to a
menu of alternatives that policy makers can choose from, depending
on their policy objective.

This choice is bynomeans simple, and it tends to becomemore com-
plicated as the number of suggested metrics increases. However, if the
objective of climate policy is clearly stated, the chosen metric needs to
meet certain criteria. While several previous studies show howmetrics
depend on the policy objective, it is still unclear which criteria to put on
a metric used for a given policy objective. This paper aims to develop
and clarify these criteria. We consider the objective of maximizing
global welfare under a pathway towards a stabilized global mean tem-
perature, similar to the+1.5 °C to+2.0 °C target in the Paris agreement
from 2015. The criteria are based on a strictly simplified relationship
between emissions and radiative forcing, and with uncertainty about
the temperature response to a given change in radiative forcing, or
climate sensitivity. The next section gives a brief overview of the discus-
sions on metrics in order to put the contributions of this paper in con-
text. The model is presented in Section 3, and optimality criteria are
developed in Section 4. Section 5 concludes.

2. The Supply ofMetrics for Emissions of Different Greenhouse Gases

The complexities related to the assessment of impacts on the climate
from a given pathway for emissions until 2100 are illustrated by the fact
that climate and earth system models need three to six months to pro-
ject the resulting climatic changes. GWP delineates the effect to a so-
called pulse, which assumes an increase of emissions by one unit in a
single year from a given emission level under a stable climate. Next
year, emissions are back to its initial level, and stay there forever.
Under a changing climate, the relative forcing of gases would change.
Reisinger et al. (2011) study GWP under four representative concentra-
tion pathways (vanVuuren et al., 2011), and show that they increase for
both CH4 and N2O towards 2100 in all of them. This is mainly due to a
decline in the absolute radiative forcing for CO2 under increasing
emissions, and alternative metrics have been suggested. Wigley
(1998) proposedmetrics that refer to an expected pathway for radiative
forcing. Lauder et al. (2013) definemetrics by the quantity of an emitted
gas needed to replace radiative forcing of a ton of CO2 withdrawn
forever along a constant emission level. Both limit the updates needed
to concur with adjustment of pathways, but the dependency on the
choice of time horizon remains problematic.

An argument for using radiative forcing as the point of reference is
that emissions of different greenhouse gases are thereby transformed
to the main single driver of climate change. If relating metrics to a
more policy relevant measure, such as the increase in temperature,
the uncertainties will increase substantially. On the other hand, some
of the difficulties in framing the choice of a metric, illustrated by the
choice of time horizon for GWP, may become less if the metrics refer
more directly to a policy objective. Shine et al. (2005) and Shine et al.
(2007) therefore use the temperature change at the end of a chosen
time horizon, called Global Temperature change Potential (GTP), as
the reference for metrics. These are also based on a pulse emission of a
greenhouse gas, and divided by the temperature change from a corre-
sponding pulse of CO2. The reference to temperature on a fixed, future
point in time makes GTP more relevant for planning purposes than
GWP. On the other hand, it is based on runs by climate models, and
therefore more uncertain than GWP (Reisinger et al., 2010). The
reference to a pulse also means that there are similar problems related
to the background level for radiative forcing.

Alternatives to GTP have therefore been suggested. Peters et al.
(2011) show that uncertainties that can be traced to the choice of cli-
matemodel can be reduced by considering a mean temperature change
(Gillett and Matthews, 2010) or an integrated temperature change
(Peters et al., 2011) over a given period instead of a pulse. Tanaka
et al. (2009) addresses the problem of changing background levels by
proposing a metric that expresses the emissions of one gas needed to
replace another gas in order to remain on the same temperature path,
the temperature proxy index. Still, adjustments are needed to update
temperature paths.

It has been emphasized that the choice of metric depends on which
aspects of climate change are considered most important and what the
objectives of climate policy are (Plattner et al., 2009; Tol et al., 2012).
Myhre et al. (2013) state that considerations related to this choice are
beyond the scope of the physical sciences. The socioeconomic aspects
of alternative metrics are addressed in several studies with engineering
or economic points of departure, however. Kandlikar (1996) suggests
that metrics should refer to the damages of climate change instead of
the impacts on the climate system. Manne and Richels (2001) show
that abatement costs are at least as important for the composite of
abatement over different greenhouse gases as the physical properties.
They thereby indicate that abatement costs should be taken into
account in the metrics. Johansson (2012) suggests a discounted global
temperature potential to include the concerns to when the climate is
impacted by emissions of the different gases.

Further studies provide numerical estimates on how economic
factors make a difference to the priority of which greenhouse gas to
abate. Tol (2006) shows that the willingness to pay for cutting CH4

is low if aiming at a temperature target which is far ahead, because
early cuts have a limited effect on the target. Aaheim et al. (2006)
find, however, that the costs of using fixed instead of time variant
metrics are likely to be moderate, except perhaps to some countries.
Johansson et al. (2008) and Ekholm (2013) analyze how uncertainty
and learning affect the composite of greenhouse gases in a strategy
for abatement towards a temperature target. They show that in-
creasing uncertainty gives more abatement with heavier emphasis
on short-living gases if policy aims at achieving a future temperature
target. These studies show, in general, how the choice of metric
depends on the policy objective. The inadequacy of GWP is shown
by Marten and Newbold (2012), who test six criteria that need
to be met to support a unique definition of the social unit cost of
abatement. They find reasons to question all six.

As the attention to the various aspects of the contributions to global
warming fromdifferent greenhouse gases increases, it becomes increas-
ingly difficult to make a choice of metric. The physical sciences point at
uncertainties that arise when climatic responses to emissions are sim-
plified in order provide a metric that links the causes, i.e. emissions of
different greenhouse gases, to the concerns about temperature change.
The menu of metrics from the physical sciences shows the need to
specify these concerns further before a choice is made.

Economic and engineering studies have identified additional fac-
tors that ought to be taken into account in the choice of metric, such
as abatement technologies and costs, benefits of mitigation and
discounting, and some suggest how these factors can be included in
the metric. Although this may be helpful, it also makes the distinc-
tion between value judgements and physical properties unclear, as
metrics are supposed to reflect the physical properties that matter
for the choice of policy. These suggestions are also presented a
menu from which policy makers can pick a choice. They thereby
add to the difficulties of making this choice.

In this paper, we take instead the policy as our point of departure to
establish criteria for metrics applicable to a given policy objective. We
thereby provide a reference to test the adequacy of suggested metrics
and check if there are properties that are not covered by any of them.
We will assume that the aim of the policy is to get as much as possible
out of emissions of two greenhouse gases when there is a cap on future
temperature and uncertainty about climate sensitivity. We ask what
properties are required for such a metric, and if or which value
judgements are needed to make this choice.
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3. A Simplified Model of Multi-gas Control Under Uncertainty

We consider a global assembly who wishes to maximize the total
welfareW of a (global) consumption path Qt; t∈(0,…T) with instanta-
neous utility u(Qt), which generates emissions, Et = G(Qt). The emis-
sions consist of two components Xt and Yt. Here, we shall associate
these with emissions of CO2 and CH4, respectively. Thus, Et = f(Xt,Yt),
meaning that G(Qt) = f(Xt,Yt). Now, we can write Qt = G−1(Et) =
G−1( f(Xt,Yt)) = g(Xt,Yt), such that u(Qt) = u(g(Xt,Yt)) = U(Xt,Yt).

We concentrate on how to combine Xt and Yt in order to maximize
total welfarewhen there is a cap on the increase in globalmean temper-
ature. Define total welfare by the discounted value of instantaneous
utility of an expected consumption path:

W ¼ E
Z T

0
U Xt ;Ytð Þe−rtdt ð1Þ

where r is the rate of pure time preference.
The increase in global mean temperature is driven by a change in

radiative forcing. This is a result of the accumulation of the emissions
of Xt into concentrations of carbon dioxide, c(t), and emissions of Yt
into concentrations of CH4, m(t). To simplify, we will assume that the
concentrations of both gases decline at a constant rate over time. This
applies reasonably well for CH4, but is a very strong assumption for
CO2, for which the decay rate is high over the first 5 to 20 years, but
then flattens out (Joos et al., 2013). Between 15 and 20% of CO2

emissions remain in the atmosphere for thousands of years. By our
simplification to constant decay rates, we can generalize the atmo-
spheric model of Nævdal and Oppenheimer (2007) to the evolution of
concentrations for the two gases:

_c tð Þ ¼ X tð Þ− σ cc tð Þ ð2Þ

_m tð Þ ¼ Y tð Þ−σmm tð Þ: ð3Þ

where σj (j= c,m) is the rate of decay rate of gas j. A “high” rate of decay
implies a “short” lifetime in the atmosphere, indicating that the climate
system responds “quickly” to changes in emissions. For CO2, a rate be-
tween 1/150 and 1/200may apply as approximations to cover a reason-
ably long period of time, while a 1/30 is pretty close to the decay rate for
CH4 (Hasselmann et al., 1997; Myhre et al., 2013). Under any circum-
stance we have σm N σc, which is the point addressed in this paper.
Eqs. (2) and (3) imply that consumption, emissions, and concentrations
are all measured in a common unit. It may be interpreted as concentra-
tions above pre-industrial levels in parts per million (ppm).

The control of climate change has its parallel in the management of
natural resources, as the atmosphere can be understood as a resource,
or a “carbon pool”, with a limited capacity to carry greenhouse gas
emissions. Emissions contribute to filling the capacity, while the decay
represents the renewal of capacity. Then, the rates of decay can be
considered as the gas specific ecological rate of return in terms of new
“carbon pools”.1

The discussion about metrics is about how to find a simple expres-
sion for “the capacity to carry greenhouse gas emissions”. Here, we as-
sume that it be traced to the impacts on radiative forcing from the
concentrations of the two gases. We borrow the differential equation
from Nævdal and Oppenheimer (2007),2 who derive the dynamics of
radiative forcing from Eqs. (1) and (2), and get:

dF tð Þ ¼ ac tð Þ þ bm tð Þ− gF tð Þ½ �dt ð4Þ
1 Thanks to Professor Gunnar S. Eskeland at Norwegian School of Economics and
Business Administration for suggesting this interpretation to us.

2 Weitzmann (2009) provides an exposition of this relationship on the basis of natural
science primitives.
The constants a and b express the instantaneous contributions to ra-
diative forcing in W/m2 of the atmospheric concentrations of CO2 and
CH4, respectively. We thereby assume that these transformations are
fixed, without uncertainty and invariant over time. As CH4 is amore po-
tent greenhouse gas than CO2, we have b N a. The parameter g = 1 if
emissions of CO2 and CH4 are the only drivers of change in F. Then, if _c ¼
_m ¼ 0, we have ct=ct−Δt and mt=mt−Δt for infinitesimal small Δt,
meaning that act−Δt+bmt−Δt=F(t)⇒dF(t)=0.

There are apparent weaknesses in simplifying the development of
radiative forcing by Eq. (4), but it highlights the contributions from
the control variables, emissions. However, we introduce uncertainty
about climate sensitivity, which is considered the most uncertain step
in the chain from emissions to temperature (Roe and Baker, 2007).
This is represented by a stochastic term, νF(t)dz(t), in Eq. (4) which
embeds all the uncertainties related to the climate sensitivity. Then,

dF tð Þ ¼ ac tð Þ þ bm tð Þ− gF tð Þ½ �dt þ vF tð Þdz tð Þ: ð5Þ

Note that this changes the definition of F(t) from the radiative
forcing at t to the radiative forcing at t which is expected to give the
same temperature as the expected temperature from F(t) at t = 0.

We assume that dz(t) is normally distributed, with Edz(t) = 0,
meaning that F follows a geometrical Brownian motion. This simplifies
the stochastic nature of F considerably if compared with the complexi-
ties of the earth system, but is necessary to derive criteria for
the demand for metrics. The process (5) has provided insights to
similar problems, such as optimal decisions under uncertain ecological
thresholds (Nævdal, 2006) and decisions under the risk of the collapse
of the West Antarctic ice sheets (Nævdal and Oppenheimer, 2007).
An important property of the Brownian motion is that it addresses
decisions making when it is expected that the perceptions about the
future will change.

We shall consider a policy that aims to keep the increase in global
mean temperature below a given limit. With the definition of F(t) in
mind, this may be imposed simply by requiring

F tð Þ ≤ k;∀t ð6Þ

where the constant k is the permitted radiative forcing expected to
give the temperature limit at t = 0. F(t) is thereby redefined to a
temperature indicator.

4. Optimal Multi-gas Control

Optimal policy is assumed the one that maximizes expected
discounted utility over the period 0 to T:

max
X tð Þ;Y tð Þf g

E
Z T

0
e−rtU½ðX tð Þ; Y tð Þ�dt þ B c Tð Þ;m Tð Þ; F Tð Þ; T½ � ð7Þ

subject to the constraints of Eqs. (2), (3), (5) and the temperature target
Eq. (6). The second term in the objective function, B [c(T),m(T),F(T),T],
is the continuation value, consistent with the ultimate level of concen-
trations of greenhouse gases, expressed by the cap on F(t).

We have, strictly speaking, two control variables, X(t) and Y(t), and
three state variables, c(t), m(t) and F(t). However, the deterministic
part of the stochastic process F(t) is fully described by the controls of
c(t) and m(t), meaning that we can insert for the time paths from
Eqs. (2) and (3) in Eq. (5). Then, the problem is reduced to the control
of one state variable with two control variables.

Explicitly solving for the stocks of concentrations c(t) and m(t),
we find

c tð Þ ¼ e−σ ctc 0ð Þ þ e−σ ct
Z t

0
eσcsX sð Þds
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and

m tð Þ ¼ e−σmtm 0ð Þ þ e−σmt
Z t

0
eσmsY sð Þds:

Insert these expressions to the deterministic part of Eq. (7), and
define

R F;X;Y; t;π½ � ≡ ae−σ ct ½c 0ð Þ þ
Z

eσ ctX tð Þdt
� �

þbe−σmt m 0ð Þ þ
Z

eσmtY tð Þdt�− gF tð Þ
� �

where π comprises the set of parameters, π ≡ π(a,b,g,σc,σm,c(0),m(0)).
Then, Eq. (5) can be written as

dF tð Þ ¼ R F;X;Y ; t; π½ �dt þ vF tð Þ½ �dz tð Þ ð8Þ

Eq. (8) expresses the dynamics of the indicator F as a function of the
current emissions of CO2 and CH4, time, current temperature, and the
stochastic factor. Eq. (8) thus replaces Eqs. (2), (3) and (5) in the
original problem.

To solve this problem, we define the indirect utility (optimal value)
function

ℑ F tð Þ; t½ � ≡ max
X sð Þ;Y sð Þf g

E tð Þ
Z T

t
e−rsU ðX sð Þ;Y sð Þ½ �dsþ B F Tð Þ; T½ �

� �

where ℑ[F(T),T]=B[F(T),T]. The Hamilton-Jacobi-Bellman [HJB] funda-
mental equation of optimality is given by

0 ¼ max
X tð Þ;Y tð Þf g

e−rtU½ X tð Þ; Y tð Þð � þ ∂ℑ F; t½ �
∂t

þ ∂ℑ F; t½ �
∂F

R F;X;Y ; t; π½ � þ vF tð Þ½ �2
2

∂2ℑ F; t½ �
∂F∂F

( )

ð9Þ

To simplify notation, define the expression within the brackets as
μ(X,Y,F,t). The Hamilton-Jacobi-Bellman equation can be written as

0 ¼ max
X tð Þ;Y tð Þf g

μ X;Y ; F; tð Þ ð9⁎Þ

Taking into account the constraint on the level of F(t), themaximiza-
tion problem is reduced to the Kuhn-Tucker problem

L ¼ max
X tð Þ;Y tð Þf g

μ X;Y ; F; tð Þ þ λ tð Þ k− F tð Þ½ �: ð10Þ

μ(X,Y,F;t) is concave in the control variables for concave utility func-
tions. Then, there exist unique trajectories of gases, which solve the op-
timization problem (10) (see e.g. Seierstad, 2009). However, ℑ[F(t),t] is
an unknown, non-linear function. To obtain an explicit solution, we
need to impose further restrictions on the utility function. Define utility
as

U X tð Þ; Y tð Þ½ � ¼ 1
1− 1=ρ

αX tð Þ1−1
ρ þ 1−αð ÞY tð Þ1−1

ρ

h i
: ð11Þ

We are in search for the properties of a metric for emissions of each
ton of X and Y, where 1 t emitted of each of the two gases is transformed
to the related instantaneous radiative forcing. For this purpose, we have
α=0.5. To enable clarification of the contributions from the economics
literature on metrics, which include various economic factors, α may
vary, however. ρ is the constant relative rate of risk aversion. In the se-
quel, we say risk aversion is low if ρ∈(0,1) and risk aversion is high
whenever ρ∈(1,∞). Note, however, that Eq. (11) does not distinguish
between risk aversion and intertemporal substitution (Epstein and
Zin, 1989). Referring to expected paths below (Proposition 3), an intui-
tive interpretation of ρ could be the intertemporal elasticity of
substitution, rather than the relative rate of risk aversion. However, to
avoid confusion of terms, we will refer to ρ only as the relative rate of
risk aversion throughout the paper.

With the choice of Eq. (11), we can specify the solution for the opti-
mal paths when the target is unbinding and binding. First, we consider
the paths under increasing F(t), that is, when the target is not binding.
The following statement applies:

Proposition 1. Suppose the utility function exhibits constant relative risk
aversion. Then, if the target is not binding, the emissions of each gas as a
share of concentrations of that gas declines at a constant rate, which is
the same for all greenhouse gases. This rate is the product of the relative
rate of risk aversion, ρ, and the optimal constant rate of change in the
value function, which we denote by γ.

Proof: see the Appendix A.
The solution to the problem is due to the choice of utility function

(11), which allows the optimal value functionL to change at a constant
rate over time. This rate, γ (N0), is determined by the combination
of initial concentrations and the transversality conditions. Let ϑ denote
the expected level of the value function at time T. From the expressions
(A7) and (A8) in the Appendix A, optimal emissions as a share of their
respective concentrations at t can be written as

X tð Þ
c tð Þ ¼ θce−ργt ð12Þ

Y tð Þ
m tð Þ ¼ θme−ργt ð13Þ

∀t ∈ [0,T], where

θc ¼ σ c − ρ σ c þ r− γð Þ
αϑ
� �ρ eργT

θm ¼ σm − ρ σm þ r− γð Þ
1−αð Þϑ� �ρ eργT

are constants. The proposition establishes the basic rule for choice of
metrics, which has a parallel to the stock-flow problem of extraction
of exhaustible resources under uncertainty: the ratio of emissions to
concentrations at the limit is constant. In the intermediate period, the
ratio increases over time until the terminal period.

From the definitions of θc and θm, it follows that optimal emissions at
t = 0 constitute a larger share of concentrations the higher the decay
rate (short life-time) and the lower the welfare impact of emission is,
such that θc b θm. Comparing CH4 and CO2 we can therefore conclude
that the optimal initial emissions of CH4 constitute a higher share of
CH4 concentrations than emissions of CO2 does for concentrations of
CO2. Recall that with strong risk aversion, such that ρ N 1, the welfare
measure, and henceϑ, is negative, such that this conclusion is unaffect-
ed by the parameter choice for risk aversion. However, stronger risk
aversion reduces the level of emissions when compared with their
respective concentrations. The impact of more risk aversion is therefore
similar to that of controlling more long-lived gases. This is to compen-
sate for the fact that with risk aversion, future upward adjustments
are more costly than future downwards adjustments.

Having solved emissions as a function of concentrations in
conditions (12) and (13), the rate of change in concentrations in
Eqs. (2) and (3) can be expressed as separable first order differential
equations. Solving for these, we arrive at the following

Corollary 2. Before the target is binding, the optimal concentration of CH4

increases at a higher rate than the optimal concentration of CO2. The rate of
net increase in concentrations declines faster for CH4 than for CO2 as time
passes, and implies that the control of CH4 is strengthened relative to the
control of CO2 over time.
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Proof: See Appendix A.
This is the reflection of conclusions from previous economic studies

(see Section 2), which show that the control of gases with short lifetime
is intensified relative to gases with longer lifetime as we move closer to
the terminal year T, when the target is met. Lower emissions of carbon
dioxide in the early periods are optimal because they contribute to
temperature increase in the far future, when the target is binding. It is
optimal to delay cuts in CH4 emissions because the natural decay of
these concentrations is higher. Therefore, early cuts of short-living
greenhouse gases do not contribute as much in achieving a target in
the far future as early cuts in long-living gases.

Although risk aversion affects the ratio between emissions and con-
centrations of each gas, it remains to be seen if it affects the composite of
gases, which is our focus. The following proposition helps to clarify:

Proposition 3. At each point in time, the current temperature indicator,
F(t), can be expressed as a weighted sum of current emissions

πX tð ÞX tð Þ þ πY tð ÞY tð Þ ¼ F tð Þ

where the weights are

πX tð Þ ¼ 1
θc

aeγρ t−Tð Þ

g þ ρ
1− ρ

γ− rð Þ
� �

þ v2
1
2ρ

πY tð Þ ¼ 1
θm

beγρ t−Tð Þ

g þ ρ
1− ρ

γ− rð Þ
� �

þ v2
1
2ρ

Proof: See Appendix A.
Proposition 3 weighs the contributions of emissions of each gas to

the optimal level of the temperature indicator at each point in time.
πX(t) and πY(t) can be interpreted as the burdens of emissions on the
climate system at t. Under an optimal path, they increase over time
with the same rate. The burden of emissions is affected by the life-
time and importance of gases opposite to how lifetime and importance
affect the rate of initial emissions to concentrations, which is expressed
by θi (i= c,m). Thus, at t=0, the burden of emissionswith “low” decay
rate (long life-time) and “high”welfare impact, that is CO2 in our case, is
high, but increases at a “low” rate. This shows again how the control of
gases relates to their respective lifetimes, before the target is met.

Before we come to how uncertainty in temperature sensitivity af-
fects temporary metrics, it is useful to relax the assumption of a fixed
T used so far. We do so by optimizing the time at which the target is
approached, t*. Recall firstly that the only cost represented in the
model is the target: Therefore, under no circumstance can it be optimal
to plan for an approach of the target after T. Hence, either the target will
be reached exactly at T, in which case the optimal growth rate, γ, will
have to be adjusted in order to achieve this, such thatγ ≠ r. This case cor-
responds to the numerical studies referred to earlier. Alternatively, the
target will be approached prior to the fixed T. Then, the problem is to
optimize the pathway towards the temperature target. The optimal
pathway is characterized by constant rate of change in welfare over
time, ϑe−γs, where ϑ is the optimal level of welfare at t = 0. Referring
to the objective function (1), this can be achieved only if γ = r. In
other words, γ follows from the choice of time preference, and t* is
thereby solved endogenously. Note that it follows from the optimal
solution with endogenous t* that if the target is approached exactly at
T or before under a fixed time horizon, we must have γ ≥ r.

Under endogenous t*, meaning that T is chosen sufficiently large to
have γ = r, implications of uncertainty can be discussed in the light of
its impact on the expected t*. The only expression being affected by
uncertainty is the burden of emissions at a given level of forcing in
Proposition 3. Here, uncertainty affects the parameters π with equal
rates for the two gases. Higher uncertainty contributes an increase of
emissions at t b t* under a given target. The emission budget available
for this target is thereby spentmore quickly. This is due to risk aversion:
the farther into the future emissions are planned, the more uncertain
they become, and the larger is the risk premium. The value of near
term emissions increases relative to the value of distant emissions.
The result is earlier expected approach of the target, similar to how un-
certainty affects the rate of extraction of exhaustible resources (Pindyck,
1980). From Corollary 2, this reduction in expected t* implies that the
metric for CH4 increases relative to CO2.

Another, perhaps more important, aspect the uncertainty relates to
the instantaneous updates of the target assumed in Eq. (5). t*will be up-
dated accordingly, and Corollary 2 implies a change also in metrics.
A change of metrics in response to new information may be an impor-
tant strategy to limit the costs of controlling greenhouse gas emissions:
a change in emissions of short-living gases gives a quick climate re-
sponse,whichhelps reduce the efforts needed to adjust to new informa-
tion, if compared with the use of fixed metrics. The value of this
flexibility can be associated by an option value. Option value occurs
when investors expose themselves to fixed costs over the lifetime of
an investment when future incomes are uncertain. The expected
discounted benefits of an investment must therefore cover also the
value of a flexible alternative from which the investor can withdraw
immediately, the option value.

Similarly, a change of metrics in response to new information about
climate sensitivity reduces the cost of adjusting to the new level for ad-
missible radiative forcing. This “option value” adds to the benefits of
using flexible, time variant metrics instead of fixed metrics. Fixed
metrics are costly, both because it motivates mitigation of gases with
limited or no impact on the future target, and because it fails tomotivate
an effective response to updated knowledge about climate sensitivity.

Two implications of the modeling approach we have taken have to
be mentioned, though. Firstly, the stochastic term F(t)νdz assumes a
geometrical Brownianmotion, as defined in Eq. (8). Then, the stochastic
term is log-normal, meaning that higher ν automatically reduces future
expected temperature. To avoid this, and enable an analysis of the iso-
lated effect of a change in uncertainty, a drift parameter may be includ-
ed in the parameter g in Eq. (5), such that g N 1. Secondly, broadening
the range of outcomes reduces expected utility, which to some extent
will be compensated by lowering the burdens via the optimal, initial
level of welfare. This effect will be stronger the more risk aversion
there is, such that with low risk aversion (0 b ρ b 1) the expected t*
will increase, while high risk aversion (ρ N 1) gives a shorter expected
period before the target is met.

Having explored the optimal paths of short- and long-living gases
before the target is met, the optimal composite under a binding target
still needs to be solved. This can be found from the first order conditions
of themaximization problem (7) under a binding target, which give rise
to the following proposition:

Proposition 4. Under a binding target, the composite of greenhouse emis-
sions gas that optimizes welfare is determined by the condition

X
Y
¼ bσ c

aσm

� 	ρ α
1−α


 �2ρ

The metric for gas Y is

m ¼ bσ c

aσm

� 	ρ

Proof: See Appendix A.
Proposition 4 states that the composite of emissions is the product of a

term determined by the physical parameters and risk aversion, expressed
in the first parenthesis and of economic factors, which can be considered
separable from the physical properties. Themetric under a binding target
is given by the first term. It corresponds to the composite when α= 0.5.
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It is independent of the initial values, and unaffected by the uncertainty in
the temperature sensitivity. The optimal metric is determined by the in-
stantaneous contribution to global warming (a and b) multiplied by
their respective lifetime (1/σc for CO2 and 1/σm for CH4). The problem
of choosing a time horizon, which is so essential for GWP, thereby van-
ishes. It moreover relates to a fixed temperature at an optimized point
in time and not afixed point in time,which is necessarywhen using glob-
al temperature potentials. With temporary metrics, the aggregation of
emissions in a given year is fully determined by the temperature target.
The assumption of constant decay rates implies that this corresponds to
the relative total contribution to radiative forcing over an infinite timeho-
rizon. The option to use different greenhouse gases as a part of a strategy
to manage risk implies that the attitude towards risk also matters for the
choice of metric in addition to the physical properties. If we assume
200 years lifetime for CO2, the metric for CH4 under stabilization is ap-
proximately 7.9 with moderate risk aversion (ρ = 1). The present
GWP(100) at 34 is approached with high risk aversion (ρ= 1.7). Before
stabilization, the metrics are weighted according to the current burden
they impose on the future target, as defined in Proposition 3.

Because of the assumption of a constant decay rate for the concen-
trations of emitted CO2, Proposition 4 must be considered only as a
rough approximation, or perhaps a first approach to an assessment of
metrics under stabilized temperature. It indicates that metrics under
stabilization refer to the instantaneous impact on radiative forcing, but
do not tell how to correct this for the non-constant decay rates. Nor
does it tell if or howmuch metrics should change over time when con-
sidering the non-constancy. This is a topic for future research.

More risk aversion implies that short-living gases are given higher
weights, as variations in the short-living gases have a higher instanta-
neous impact on forcing than long-living gases. The second term on
the right-hand side of Proposition 4 is just a reflection of the usefulness
of the emissions, which is not relevant when comparing GWPswith the
metrics derived in this paper, as the GWPs are meant as physical points
of reference forwelfare evaluations of emissions. It states that emissions
of various greenhouse gases ought to be aggregated according to the net
effect on welfare. In other words, the costs and benefits of emissions
need to be assessed together with the assessment of the metric before
a decision is taken onwhat gases to emit under a current or future target
for temperature, which is the message from the economic literature re-
lated to metrics.

5. Conclusions

This study aims at providing guidance to how an optimal metric of
emissions of different greenhouse gases is determined when climate
policy refers to a maximum increase in global mean temperature, and
there is uncertainty about the allowable amount of emissions to achieve
this target. When based on a few simplifying assumptions, including a
constant decay rate for all greenhouse gases, constant relative risk aver-
sion and if climate sensitivity follows a geometrical Brownian motion,
we arrive at the following principles for optimal weighing of green-
house gas emissions:

1) The ultimatemetric:Under a binding target, the optimalmetric of the
emissions of two greenhouse gases is the relative instantaneous
forcing multiplied by the relative life times. Thus, the equivalent
greenhouse gas emission under a binding target can be defined as
the instantaneous forcing of an emitted ton calculated over the
lifetime of the gas.

2) The optimal emission path for a single gas: Under a given emission path,
the optimal relationship between emissions and concentrations
changes over time before the target is approached. The rate of change
in this relationship is the same for all gases. Emissions of a gas as a
share of the concentrations of this gas is specific for each gas, and
lower the shorter lifetime of the gas. Thus, the optimal metrics for
short-living gases relative to long-living gases increase over time.
3) The burden of emissions: At each point in time, radiative
forcing can be expressed as a weighted sum of short-lived
and long-lived greenhouse gas emissions, where the weights
depend on lifetimes and the initial contribution to radiative
forcing from each gas. Before the target is met, the weights
of all gases decline by the same rate, and decrease with
increasing uncertainty. More uncertainty thus implies a plan
to approach the target earlier, which leads to higher weights
on short-living gases.

Introduction of uncertainty has two effects. The first is that emis-
sion pathways are advanced, meaning that it is optimal to plan for an
earlier approach of the target. The explanation is that the uncertainty
of future consumption increases the farther into the future we look.
The loss of welfare related to uncertainty therefore increases over
time. Because of the rate of impatience, some of the loss can be
compensated by advancing consumption. This effect is similar to
how uncertainty about reserves affects the extraction path of
exhaustible resources.

The second effect of introducing uncertainty is that it allows for
flexible and thereby less costly adjustments of the emission path
in response to new information about climate sensitivity. The argu-
ments for using temporary metrics instead of fixed metrics are
thereby strengthened. The savings may be associated with an option
value gained by temporary metrics. The fact that the +2 °C
target requires substantially lower emissions than indicated by the
presently expected path for global emissions indicates a fair possi-
bility that future emissions will have to be constrained strongly to
deal with negative surprises. In that case, the value of having
options available that give a quick response in the atmosphere,
such as short-living greenhouse gas emissions, will increase. The
present use of fixed GWP implies, on the contrary, that options to
reduce emissions of short living gases at a relatively low cost are
being wasted in an early phase, while having a much higher effect
if implemented later.

To our knowledge, previous studies on metrics have not ad-
dressed what metric to choose under a given objective of climate
policy. The formal approach taken here aims at providing a set of
guidelines for assessing metrics for emissions of greenhouse gases
that ensure the highest possible welfare of emissions when there is
a target for the maximum increase in global mean temperature.
Partly as a result, suggestions such as the global temperature change
potential (GTP) provide metrics that comes closest to the criteria
developed here. Apart from the mere policy relevance, we show
how the reference to a future temperature target helps save
abatement costs, as the metric of short-lived gases will increase
over time. Change of metrics as a policy strategywill also help reduce
the cost of adjusting emission paths in response to new information
about climate sensitivity

On the other hand, this study is based on a range of strong assump-
tions. Provision of numerical assessments requires a more realistic
representation of the climate system, and how assumptions imposed
on this study may affect the results. Among the most apparent are our
assumptions of a constant decay rate for CO2, and a known variance
related to the updates of the temperature sensitivity. The study is also
based on a fixed future target. Even though the aim of limiting the
increase in globalmean temperature to between 1.5 and 2.0 °C is explic-
it in the Paris agreement, it might be a good idea to refer metrics to a
more realistic target.
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Appendix A. Proofs

Proposition 1. Recall the indirect utility (optimal value) function, which
was defined as

ℑ t; c;m; Fð Þ ≡max E
ZT
t

e−rsU X sð Þ;Y sð Þð Þdsþ B F Tð Þ; c Tð Þ;m Tð Þ½ �

For the sake of compact presentation, let ℑt ≡
∂ℑðt;c;m; FÞ

∂t , ℑc ≡
∂ℑðt;c;m;FÞ

∂c ,

ℑm ≡ ∂ℑðt;c;m; FÞ
∂m ; and ℑF ≡

∂ℑðt;c;m;FÞ
∂ F . Then, the Hamilton-Jacobi-Bellman

(HJB) equation can be written as

0 ¼ ℑt þ e−rt

1−
1
ρ

αX1−1
ρ þ 1−αð ÞY1−1

ρ

h i
þ X− σ cc½ �ℑc þ Y −σmm½ �ℑm

þ acþ bm− gF½ �ℑ F þ 1
2

vF½ �2ℑFF :

The approach to the solution is broken down into three consecutive
steps to ensure transparency. Readers interested in the non-technical
ideas coming out of technical efforts can jump to Step III, without losing
any continuation.

Step I: The optimal solution satisfies the first order conditions:

αX tð Þ−1
ρe−rt þ ℑc t; c;m; Fð Þ ≡ 0 ðA1Þ

and

1− α½ �Y tð Þ−1
ρe−rt þ ℑm t; c;m; Fð Þ ≡ 0 ðA2Þ

The conditions state that that the discounted marginal utility from
additional emissions fromeach gas is equal to themarginal cost of emis-
sions from higher atmospheric concentrations. Substituting these first
order conditions back into the HJB equation, the HJB value function is
given by,

0 ¼ ℑt þ e−ρrt

ρ− 1
αρ − ℑcð Þ1−ρ þ 1− αð Þρ − ℑmð Þ1−ρ
h i

−σ ccℑc −σmmℑm

þ acþ bm− gF½ �ℑ F þ 1
2

vF½ �2ℑFF :

Step II: To solve for the value function, we follow the standard guess

and verify approach. In our case, this is simplified because the chosen
functional forms have been thoroughly used in the literature for stan-
dard utility function, such as constant relative risk aversion. Thus, we
take the following equations, assuming constants A≠0,B≠0, and time
dependent variable of ϑ(t) ≠ 0, as a trial of the value function and its
continuation value function.
ℑ t; c;m; Fð Þ ¼ ϑ tð Þ ρe
−rt

ρ− 1
Ac1−

1
ρ þ Bm1−1

ρ þ F1−
1
ρ

h i
and

B T; c Tð Þ;m Tð Þ; F Tð Þ½ � ¼ ϑ
ρe−rT

ρ− 1
Ac Tð Þ1−1

ρ þ Bm Tð Þ1−1
ρ þ F Tð Þ1−1

ρ

h i ð⁎Þ

Substituting the values of ℑt, ℑc, ℑm, and ℑF from the proposed
value function to the maximized HJB equation, the value function
becomes

c1−
1
ρe−rtϑ tð Þ αρ −Að Þ1−ρ ρ− 1ð Þ−1 − Aρ r−

_ϑ tð Þ
ϑ tð Þ

� 	
ρ− 1ð Þ−1− Aσ c

� �

þm1−1
ρe−rtϑ tð Þ

"
1−ð αÞρ − Bð Þρ−1 ρ−1ð Þ−1 − Bρ r−

_ϑ tð Þ
ϑ tð Þ

� 	
ρ− 1ð Þ−1− Bσm

#

þF1−ρe−rtϑ tð Þ½ acþ bmð ÞF tð Þ−1− g þ v2

2ρ
þ

�
ρ r−

_ϑ tð Þ
ϑ tð Þ

� 	
ρ− 1ð Þ−1

	�
¼ 0 ð⁎⁎Þ
In all valid cases we now have c1−
1
ρe−rtϑðtÞ ≠ 0; m1−1

ρe−rtϑðtÞ ≠ 0;
F1−

1
ρe−rtϑðtÞ ≠ 0: Then, HJB equation is satisfied when all the terms in

the brackets in Eq. (**) are equal to zero, i.e.:

A ¼ −α 1− ρð Þσ c þ ρ
_ϑ tð Þ
ϑ tð Þ − r

� 	� �−1=ρ

ðA3Þ

B ¼ − 1− αð Þ 1− ρð Þσm þ ρ
_ϑ tð Þ
ϑ tð Þ − r

� 	� �−1=ρ

ðA4Þ

a

2 g þ ρ
1− ρ

_ϑ tð Þ
ϑ tð Þ − r

� 	� �
þ v2

1
ρ

c tð Þ þ b

2 g þ ρ
1− ρ

_ϑ tð Þ
ϑ tð Þ − r

� 	� �
þ v2

1
ρ

m tð Þ

¼ 1
2
F tð Þ ðA5Þ

A and B from Eq. (*) are constants. Therefore, the value of
_ϑðtÞ
ϑðtÞ needs

to be invariant to time, and we denote it by the constant γ. Then,
ϑ(t)=ϑ(0)eγt. The terminal condition implies that ϑ(t) follows an
exponential time path of the form:

ϑ tð Þ ¼ ϑe−γ T−tð Þ: ðA6Þ

Now, the values of ϑ(t), A and B that are consistent with Eq. (*)
can be found by Eq. (A6). That is, A=−α[(1−ρ)σc+ρ(γ− r)]−1/ρ,
and B=−(1−α)[(1−ρ)σm+ρ(γ−r)]−1/ρ, respectively.

Step III: Substituting Eqs. (A3)–(A6) back into Eq. (*) and then using

the first order conditions in Eqs. (A1) and (A2), we arrive at the explicit
solution of the optimal emissions:
X tð Þ ¼ 1− ρð Þσ c þ ρ γ− rð Þ½ � αϑ� �−ρ
eργ T−tð Þc tð Þ ðA7Þ

Y tð Þ ¼ 1− ρð Þσm þ ρ γ− rð Þ½ � 1− αð Þϑ� �−ρ
eργ T−tð Þm tð Þ: ðA8Þ

Proposition 1 follows immediately.
QED

Corollary 2. To solve for t⁎, insert for _cðtÞ from Eq. (12) into Eq. (2) and for
_mðtÞ from Eq. (13) into Eq. (3). This gives two separable first order differen-
tial equations

_c tð Þ ¼ θce−ργt −σ c
� �

c tð Þ ðA9Þ

_m tð Þ ¼ θme−ργt −σm
� �

m tð Þ: ðA10Þ

The general formof Eqs. (A9) and (A10) is _x ¼ f ðtÞx, with the general
solution Ce−∫f(t)dt]. Inserting and solving for c and m give

c tð Þ ¼ c 0ð Þ exp −
θc
r

1− e−σ cγt
� �þ σ ct

� 	
ðA11Þ

m tð Þ ¼ m 0ð Þ exp −
θm
r

1− e−σmγt
� �þ σmt

� 	
ðA12Þ

where θm N θc, and σm N σc. Concentrations increase over time, as the
latter term in the exponential expression dominates the first term.
This domination is strengthened by higher decay rate σ. Hence, the
concentration of CH4 increases at a higher relative speed than the
concentration of CO2, but its rate of increase also slows down faster
than for CO2 as time passes.

QED

Proposition 3. Substituting the values of A, B and ϑ(t), from Eqs. (A3),
(A4) and (A6), respectively, into Eq. (A5), and replacing for c and m from
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Step 3 of the proof of Proposition 1, we find that the weights on emissions to
the current indicator for temperature F are

πX ¼ αϑ
� �ρ

1− ρð Þσ c þ ρ γ− rð Þ½ �
a

g þ ρ
1− ρ

γ− rð Þ
� �

þ v2
1
2ρ

e−ργ T−tð Þ ðA13Þ

πY ¼ 1−αð Þϑ� �ρ
1− ρð Þσm þ ρ γ− rð Þ½ �

b

g þ ρ
1− ρ

γ− rð Þ
� �

þ v2
1
2ρ

e−ργ T−tð Þ

ðA14Þ

Then, we have πXX(t)+πYY(t)=F(t). The first term on the right
hand side can be written 1/θie−ργT (i = c, m). The composite of
emissions of gas at each point in time is found by a comparison of the
parameters πX and πY, which proves Proposition 3.

QED

Proposition 4. Denote the optimal paths, which satisfies the first order
conditions under an unrestricted problem by X⁎ and Y⁎. The constrained
problem can be written as

max
X� tð Þ;Y� tð Þf g

E
ZT
0

e−rtU½ðX� tð Þ;Y� tð Þ�dt þ B c Tð Þ;m Tð Þ; F Tð Þ; T½ � ðA13Þ

subject to

F tð Þ ¼ πXX
�
t þ πYY

�
t ≤ k ðA14Þ

by use of Proposition 3. As this problem applies to the optimal level of
emissions at each point in time, we can find the first order conditions
under the binding solution by means of a standard Lagrangian problem
for each period. Then, the first order condition is, in general

U0
X

U0
Y
¼ πX

πY
ðA15Þ

With constant relative risk aversion and inserting for πX and πY give

X�

Y� ¼
bσ c

aσm

� 	ρ α
1−α


 �2ρ
ðA16Þ

QED
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